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Let R be a commutative unitary ring with X an analytic indeterminate. 
Unlike the situation for polynomial rings, the weak global dimension of the 
power series ring R[[X]] need not be exactly one more than the weak global 
dimension of R. Very little is known about what can occur except that the 
weak global dimension must increase by at least one and does increase by 
exactly one when R[[X]] is coherent. This paper attempts to cast some light on 
this problem and the closely related question of the stability of coherence 
under the formation of the power series ring. It is devoted to determining 
necessary and sufficient conditions on a commutative (von Neumann) regular 
ring R for the power series ring R[[X]] to b e coherent (equivalently, semi- 
hereditary) and also conditions for R[[X]] t o h ave weak global dimension one. 
Surprisingly, it turns out that R[[X]] h as weak global dimension one precisely 
when R[[X’j] is a B&out ring so that property is characterized as well. 
Each of these properties is characterized in several ways both in terms of 
internal conditions on R and conditions that involve the category of R-modules. 
Perhaps the conditions which can be most readily verified for a specific ring are 
expressed in terms of a natural partial order z< which is defined on R by a < b 
if and only if ab = a2 for a, b in R. For example, it is shown that R[[X]] is 
coherent if and only if every countable subset of R that forms a chain in the 
partial order < on R has a least upper bound in R. As further illustrations of our 
results we mention that R[[Xj] h as weak global dimension one precisely in case 
R satisfies either of two limited forms of self-injectivity and also in case R 
satisfies a restricted type of algebraic compactness. These results permit us to 
give an example that shows R[[X]] can have weak global dimension one without 
being coherent even when R is a Boolean ring. This settles a question raised by 
Jensen [7]. Another example is included to illustrate the added complexity that 
occurs in arbitrary regular rings as compared with Boolean rings. This example 
also provides a pair of regular rings R contained in S, and hence a faithfully 
flat extension, such that R[[X]] is not pure in S[[X]]. Thus it gives a negative 
answer to a question in [2]. 
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PRELIMINARIES 
We begin by introducing some terminology and by deriving a lemma used 
in the proofs of the main results. On a first perusal of the paper the reader may 
find it desirable to pass directly to the results themselves, referring to this 
material as necessity dictates. 
All rings are commutative and have an identity. A ring having no nonzero 
nilpotent elements is called reduced. If each finitely generated ideal of a ring R 
is principal, then R is said to be a B&out ring. A ring R is called regular in the 
sense of von Neumann if for each a E R there exists an element h E R such that 
ba2 = a. Rather than use this definition we more often use the equivalent 
property that each element of R can be expressed as the product of a unit and an 
idempotent. 
The definition of the weak global dimension of a ring can be found in [I I]. A 
ring R has weak global dimension zero precisely when every R-module is flat. 
Thus regular rings are characterized as the rings of weak global dimension 
zero [9]. It is well known that a ring R has weak global dimension one if and 
only if every ideal of R is flat. Since a direct limit of flat modules is flat, this is 
equivalent to the requirement that every finitely generated ideal of R is flat. 
A ring R is coherent if the intersection of any two finitely generated ideals of R 
is again finitely generated and the annihilator ideal of any element of R is 
finitely generated. A number of other characterizations of a coherent ring are 
given in [3]. A ring R is semihereditary if every finitely generated ideal of R is 
projective. It is shown in [3] that a ring R is semihereditary if and only if R is a 
coherent ring with weak global dimension at most one. 
We are concerned with countable systems of linear equations. By a countable 
system of linear equations over a ring R we mean countably many linear equations 
with coefficients from R involving a countable set of indeterminates where in 
each equation only a finite set of indeterminates occurs with nonzero coefficient. 
A ring R will be called K,-algebraically compact if every finitely solvable 
countable system of linear equations over R has a simultaneous solution. This 
condition is a restricted type of algebraic compactness. A detailed study of 
algebraic compactness as well as a survey of the history of this notion can be 
found in Warfield [ 121. 
If A C B are R-modules, then A will be called an X,-pure submodule of B 
if every countable linear system over R with constants from A which is solvable 
in B is solvable in A. An R-module A will be called absolutely NO-pure if A is an 
&,-pure submodule of every module containing it. This concept is a slight 
variation of the usual notion of purity for modules introduced by Cohn [4]. 
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We are also interested in the following ring-theoretic notion which is closely 
related to purity. If R is a subring of a ring S, then R is said to be ideally closed 
in S if IS n R == I for every ideal I of R. Whenever R is a pure R-submodule 
of S, then R is ideally closed in S. 
A ring R will be called X,-self-injective provided every R-homomorphism 9 
from a countably generated ideal 1 of R into R is induced by multiplication by an 
element of R; that is, there exists an element b E R such that p(a) = ba for all 
a E 1. It is easily verified that R is Ha-self-injective if and only if Ext,l(R/I, R) = 0 
for each countably generated ideal I of R. 
Let R be a reduced ring and for a, b in R define a < b if ab = a2. This is 
equivalent to saying that b agrees with a on the support of a in each represen- 
tation of R as a subdirect product of integral domains. Thus, < is a partial 
order on R. Subsets S and T of R are said to be disjoint or orthogonal provided 
xy = 0 for all x E S, y E T. An element a E R is said to separate a subset S of R 
from a subset T of R in the partial order <. if a is an upper bound for S and is 
orthogonal to I’. For any subset S of R, arm(S) = ( y E R ! yx = 0 for each 
x E S} is the annihilator ideal of S. 
Whenever ft R[[X]], the coefficient of Xi in f will be denoted by fi . The 
next lemma is used repeatedly in proving the main results. This result is known 
[5] but since its proof is not difficult, we include it here for completeness. 
LEMMA 1. Let R be a reduced ring. For all f, g E R[[X]], fg = 0 implies 
figj = 0 for all i and j. 
Proof. By induction on i it suffices to show that fogi = 0 for all j. If this 
has been done, the induction step can be carried out by replacing f with 
(f - Cy fjXL)/X71. That fOgj = 0 f or all j also follows by induction. The 
base step is clear so assume that fog0 = ... = f,g, -= 0. Then 0 = fO( fg)n.i 1 = 
Thus, ( fOg,l.+.l)z = 0 and, since R is a reduced ring, 
MAIN RESULTS 
After this preparation, we are now able to state our principal theorem. 
THEOREM I. Let R be a commutative (von Neumann) regular ring. The fol- 
lowing conditions are equivalent: 
(1) R is &,-algebraically compact. 
(2) Given any orthogonal pair S, T of countable subsets of R each consisting 
of elements which are pairwise orthogonal, there is an element which separates S 
from Tin the partial order <. 
(3) R is X,-self-injective. 
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(4) Ext,r(M, R) = Of or a II countably presented R-modules M. 
(5) R is an absolutely Et,-pure R-module. 
(6) If R is a subring of a ring R, , then R[[X]] is ideally closed in R,[[X]]. 
(7) R[[Xj] is a B&out ring. 
(8) The weak global dimension of R[[X]] equals 1. 
Proof. (1) 3 (6): It suffices to prove that IR,[[X]] n R[[X’j] = I for all 
finitely generated ideals I of R[[X]]. Th us, let I be a finitely generated ideal 
of R[[Xj] and suppose that g E IR,[[X]] n R[[X’j]. Writing out what this means, 
we are led to a countable system, L, of linear equations with coefficients in R 
and having a solution in R, . Since R is regular, R is pure in R, [12, Proposition 3, 
p. 7021 and so each finite system of linear equations solvable in R, is solvable in R. 
Therefore, L is a countable system of linear equations in R which is finitely 
solvable in R. By assumption, L is solvable in R and g E I. 
(6) 3 (7): We can regard R as a subring of a direct product of fields, say 
R _C T, and we must show that if f, g E R[[Xj], then (f, g) R[[X]] is principal. 
Write f = Cr r,eiXi and g = C,” s,ei’Xi, where ri and si are units of R and ei 
and ei’ are idempotents of R. We claim that (f,g) T[[X]] = hT[[X]], where 
h = C,” (ei + ei’ - eiei’) Xi. To see this, notice that if T = na K, , K, a field, 
then T[[X]] = l-IO (Ka[[X]]). Moreover, recall that if K is a field, an ideal 1 of 
K[[X]] is generated by any power series q ~1 such that the “leading term” of q 
has minimal degree among all the power series in I. Therefore, (f, g) T[[X]] = 
(f, g) rIIu (KJXII) = ((...,f= ,...), (..., g, ,...)) = ((..., h, ,...)) where hUL = 0 if 
fUi = gas = 0 and hai = 1, otherwise. 
Interpreting this correctly, we see that the claim is justified. But by hypothesis, 
WXlI = hT[FlI n WTll = (f, g) T[[XlI n WY1 = M d WW 
(7) * (2): Let {a,}:, (bi}y be countable collections of elements of R such 
that aiaj = 0 = bibj for i #i and a,bj = 0 for all i and j. Again, R can be 
regarded as a subring of T, a direct product of fields, and in T there is clearly 




g = ao2 + a12X2 + a22X4 + ***. 
By hypothesis, (f,g) R[[Xj] = hR[[X]]. Thus, f = f ‘h and h = af + /3g, 
where f’, (Y, and /3 E R[[XJj. Now, g = af and so h = af + /3g = af + paf = 
(a f pa) f ‘h. Therefore, [I - (a + pa)f’]h = 0 and since f E hR[[Xj], 
[I -(a+pa)f’]f =O. By Lemma 1, [I -(~~~+&a)f~‘]a~ = 0 = [l - 
(a,-, + &,a) fO’] b, . Write fs’ = ue, e idempotent in R and u a unit in R. Then 
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(1 - e)fo’ = 0 and so (1 - e)ai = (1 - e)[l - (01s +&a)fs’] a, == 0. Simi- 
larly, (1 - e) 6, = 0. It follows that ef = f and that eg = g. 
Set f* = (1 - e) +f’ = (1 -e + ue) +fi’X + .... Since (1 - e + ue) is 
a unit in R, f’ is a unit in R[[X]]. Moreover, f *h = (1 - e)h +f’h = 
(1 - e)(af + pg) -I-f’h = f ‘h = f. Therefore, fR[[X]] = hR[[X]] = (f,g) Z?[[Xj] 
and so g = gf for some g E R&Y]]. But, 
Now, write ui = uiei and bi = vid, , where ei and di are idempotents and ui and 
vi are units. Then 
and 
0 = d, + 0 = d&b, + &af + ..a + &++zo) = d&b, = &bi . 
Therefore, go is an element which separates (ai}: from {bi}r. 
(2) => (3): Suppose that I is a countably generated ideal of R and that q 
is an R-homomorphism from 1 into R. Since R is a regular ring an induction 
argument shows that we can assume that I is generated by a countable set (di},“, 
where di is indempotent for all i and d,dj = 0 if i # j. Write ai = q(dJ = u,e, , 
where e, is idempotent and ui is a unit and set fi = di - ei . We would like to be 
able to “separate” {ai}: from {fi}r. Note that d,ai = d,v(dJ = v(di2) = q(di) = ui 
and so uieidi = uiei . Thus, eid, = ei and so if i # j, fifj = (di - ej)(dj - ej) = 
(di - eidi)(d, - ejdj) = 0. Also, aiaj = diuidjuj = 0 and uifj = uid,(dj - ejdj) = 0. 
Finally, u& = uiei(d, - ei) = ui(eid, - e,) = 0. Therefore, by hypothesis, 
{ui}z and {fi}: are “separable,” say by u.,Then uui = ui2 and ufi = 0 for all i. 
Now, for all i (q(dJ - ad,) ui = (ui - ad,) ui = at2 - uui = 0 and so 
(v(di) - ad,) e, = 0. Also, (v(di) - act,) fi = (u,e, - udi)fi = 0 since eifi = 0 
and ufi = 0. Therefore, 0 = (p(d,) - ad,) di = div(di) - ad, = y(df2) - udj = 
y(d<) - ad, . It follows that 9 is given by multiplication by a. 
(3) * (1): Let 
L, = 1 uliYi = b, 
I>, = c uziYi = b, , 
be a countable system of linear equations for which any finite subsystem has 
a solution. For each finite subsystem the complete solution is obtained as a 
particular solution plus the complete solution of the associated homogeneous 
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system. The complete solution of the associated homogeneous system is the 
kernel of a homomorphism between finitely generated free R-modules. Since R 
is regular, R is coherent. Therefore, the kernel of such a homomorphism is 
itself finitely generated. The values of Yr , say, that occur as part of a solution 
of the associated homogeneous system are obtained by projecting the kernel on 
the first coordinate. Thus, the occurring values of Yr are a finitely generated 
ideal of R. Since R is regular, this ideal has the form R(l - e) for some idem- 
potent e E R. These facts imply that the values of Yr that occur in the complete 
solution of any finite subsystem are precisely the elements of the form 
01 + R(l - e) where cy occurs as the value of Yr in a particular solution. More- 
over, if we choose the sequence of initial subsystemsL, = b, ; L, == b, , L, = b, ; 
etc., the first components of the solutions of the mth initial subsystem will be 
precisely the elements of the form zln + R( 1 - e,) where (1 - e,,)( 1 - e,) = 
(1 - ei) whenever m < i. 
Now set Pm = amem . We claim that y occurs as the first component of a 
solution to L, 1 b, ,..., L, = b,, if and only if yen5 = /3,,, . For if y = 01,,~ + 
~(1 - e,), then yeln = senl + ~(1 - e,,) e,,& = n,.e, = /L and if ye,, = A,. = 
srem , theny = ye?,, + ~(1 - eyrr) = a,,,e, +- ~(1 - e,,,,) = a,,e,,, + ~(1 - e,,) + 
( y - CX:,)(~ - e,,) = cy,, + ( y - a,,,)(1 - e,). Therefore, in particular, we must 
have /3,e,,? = & if k 3 m. 
Now define a homomorphism y from the ideal I = (e, , e2 ,...) into R by 
v(ei) = pi . We must see that q~ is well-defined. Since eiej =-: ei for i <.j, 
eiR C eiR for i < j and so I = uy=, e,R is a union of a chain of principal ideals. 
Suppose that x E R, say x = rei = sej for i < j. Then 0 = rei - sej = 
Yeiej - sej = (yei - s) ej . Therefore, 0 = (Tei - s) ej,Gi = (rei - s) /Ij and 
hence rei& = sisj . Since ei& = pi , r& = s& and 9) is well defined. 
By hypothesis, 9 is induced by multiplication by an element p of R. But for 
each i, /$ = v(e,) = pei . Thus, /I occurs as the first component in some solution 
of each initial subsystem. 
Applying this argument to Yr , we can choose yr so that for each positive 
integer m there exists a solution, ym , to the initial subsysteml, = b, ,..., L,,L = b, 
such that the first component of yn is yr . We use induction on n. Supposing 
that we have chosen yr ,yz ,...,y,, appropriately, consider the system 
z n+l aliyi = b, - 223” aliyi > L+l aaiYg = b, - xy asiyi ,... . Applying the 
above argument to Yn+r yields an element yn+r E R such that for each positive 
integer m there exists a solution, Y,>, , to the subsystem L, = b, , L, = 
b, >...,L 1 b,,, such that the first n $ 1 components of yn, are yr , y2 ,..., ynil , 
respectively. 
We claim that y = (yl , yz ,... ) is a solution to the original system, for consider 
the equation L, = b, . Only finitely many of the Yi’s are involved, say 
Yl )...) Y,, . By our construction, there exists a solution, ym , to the system 
L, = b, ,..., L, = b,,, such that yr ,..., JJ,, are the first 71 components of Y,,~ . 
Thus, y satisfies the equation L,,, = b,,, . 
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(I) 3 (5): Let R b e a submodule of an R-module B and suppose that L is 
a countable linear system over R with constants in R having a solution in B. 
Since R is a regular ring, R is a pure submodule of B [12, Proposition 3, p. 7021. 
Therefore, every finite initial subsystem ofL has a solution in R since it has one 
in B. By hypothesis, L has a simultaneous solution in R and R is an X,-pure 
submodule of B. 
(5) =a (4): Let E b e an injective R-module containing R. Then the exact 
sequence 0 --j R + E L E/R --f 0 induces an exact sequence 
0 - Hom(M, R) + Hom(M, E) Y* Hom(M, E/R) + Extl(M, R) + 0. 
It therefore suffices to show that y.+ is a surjection. Let RcHo) -% R(‘n) -% M -+ 0 
be a countable presentation of M and suppose that # is a map from M to E/R. 
Let {ei}z be a countable basis for R W and choose bj E E such that r(bj) = #@(eJ). 
Now if a(e,) = Cj”=, Zijej , then r(2T-i Zijbj) = 0 since pa(ej) = 0. Thus, 
Cj”=i lijbj = ai E R for all i. By hypothesis, R is an &,-pure submodule of E and 
so there exist b,’ E R which satisfy the same equations. Define 8: R(*n) + E by 
0(e,) = bj - bj’. Then f?(,(e,)) =z 0 f or all i and hence 0 = p/3 for some 
p: M - E. Therefore, I/ = ‘yp = y*(p) as required since for all j, 
w+(4) = re(ed = r(bj - 4’) = r(4) = Wed). 
(4) 3 (3): This is obvious. 
In the proofs of the next two implications we make use of the following version 
of the j?atness criterion of Bourbaki [l , p. 271: 
If E is a finitely generated module over an arbitrary commutative ring S with 
generators b, ,..., n b then E is a flat S-module if and only if the following con- 
dition is satisfied: If a, ,..., a,, E E and si ,..., s,, E S with CL, Siai = 0, then 
there exist elements tij E S, i = I,..., m, J’ = I,..., n such that ai = Cj”=, tiibj 
for all i and 0 = cz, sitij for all j. 
(8) 3 (3): Suppose that I is a countably generated ideal of R and that v 
is an R-homomorphism from I into R. As noted in the proof that (2) implies (3) 
we can assume that I is generated by a countable set {di}F, where di is idempotent 
for all i and didj = 0 if i # j. Let a, = y(di) for all i and set f = C,” diXi and 
g = z,” aiXi+l = X . C,” a,Xi. Since w.g.dim. R[[X]] = 1, (f, g) R[[X]] is a 
flat ideal. Therefore, the flatness criterion mentioned above and the relation 
(-g)f + fg = 0 imply the existence of power series h, K, 01, and p E R[[X]] such 
that 
(*) .f- hf+k, 
and 
(**) (-g)h +fa = 0, 
g == af -I- pg (--RF -tfP = 0. 
Equating coefficients of Xi in the first equation of (*) gives d, = Clfmci hcdm -{- 
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Ca+m=i-l kg,,, and multiplying by di , we obtain the relation di = hOdi . Equating 
coefficients of Xi+l in the first equation of (**) gives ClfTnZi+i dp, = Cl+m=i uJ~,,~ 
and multiplying the equation by di , we obtain the relation mldi = h,,ai . 
Recalling that diai = ai , we have that ui = diui = h,,d,q = aldjdi = aldi . 
It follows that v is given by multiplication by 01~ . 
(3) => (8): We have seen above that (3) is equivalent to (7) and so R[[Xl] 
is a BCzout ring. Let f 6 R[[X]]. By the flatness criterion the principal ideal 
fR[[X]] is flat if and only if for each 01 E R[[X]] with af = 0 there exists /3 E R[[X]] 
such that pf = f and a/3 = 0. Let I = (a$? and J = (fi)R. Since R is von 
Neumann regular, In J = 11 = (0). Therefore, the projection map v: 
I + J - R via ~(i + j) = j is well defined and by hypothesis, v is given by 
multiplication by b E R. It follows that bf = f and that ba = 0. Thus, R[[XJ 
is a BCzout ring in which all principal ideals are flat. Such a ring clearly has weak 
global dimension less than or equal to one. This proves (8). This completes the 
proof of Theorem 1. 
It is clear from Theorem 1 that some type of completeness is required of R 
in order that the weak global dimension of Iz[[X]] equal 1. Therefore, one is 
left with the impression that the weak global dimension of R[[X]] usually 
exceeds 1. Unfortunately, we have no information whatsoever regarding the 
weak global dimension of R[[X]] in case R fails to satisfy the conditions of the 
theorem. 
It is tempting to conjecture that it is possible to characterize the regular rings R 
for which R[[X]] has weak global dimension 1 as well as those for which R[[X]] 
is coherent in terms of a topological condition on the spectrum of R. Since 
topological statements about the spectrum of a regular ring can be expressed in 
terms of its Boolean algebra of idempotents, this is equivalent to characterizing 
these properties in terms of the Boolean algebra of idempotents. In the following 
example we construct a pair of regular rings R C S which shows that no such 
characterization exists. For although R and S have the same idempotents, 
S[[X]] is coherent, and hence also has weak global dimension 1, but R[[X]] has 
neither property. In this connection, we should mention that Licoiu [lo] has 
erroneously asserted that the power series ring over a regular ring R is coherent 
if and only if the Boolean algebra of idempotents of R is countably complete, 
that is, each countable subset has a least upper bound. 
This example also provides a negative answer to a question posed in [2]. 
Specifically, since R is regular, R is a pure submodule of S but we will show 
that there exists a principal ideal I of R[[X]] such that 1S[[X]] n R[[XJ # I. 
Thus, S is a pure ring extension of R, but R[[X]] is not even ideally closed in 
S[[X]]. We should add that Hochster has also constructed an example of this 
phenomenon in [6]. 
EXAMPLE 1. Let K be a field with L a proper extension field of K. Let 
S = n; Lj and let R be the subring ny K, + 07 Li of S. (Here, Li EL and 
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Ki ‘V K for all i.) Thus, R consists of those sequences in 5’ which have only 
finitely many of their entries from L and since the idempotents in S are merely 
the sequences consisting only of O’s and l’s, R and S have precisely the same 
idempotents. Moreover, it will be clear from Theorem 2 that S[[X]] is semi- 
hereditary since S is a direct product of fields. 
We claim that the w.g.dim R[[X]] is greater than one. By Theorem 1, it 
suffices to exhibit an ideal I of R[[X]] such that 1S’[[X]] n R[[X]] + I. For that 
purpose, choose LZ E L\\K and set 
and 
f = (1, 0, 0 ,...) -r (1, 1, 0, O,...)X -j- “* 
g = (a, 0, 0 ,...) + (CL!, a, 0, 0 ,... )X + ***. 
Then f, g E R[[Xj] and g = (01, (Y, ac,...)f in S[[X]]. Therefore, fS[[X]] = 
gS[[Xj] since (CL, a,...) is a unit in S. Moreover, it is clear that f is not a zero- 
divisor in S[[X]] since no nonzero element of S annihilates all the coefficients 
off. Thus, ifg = hfwith h E R[[X]], (h - (01, LY ,... ))f = 0 and so h = (pi, a: ,... ). 
Therefore, fR[[X]] # gR[[X]] and the claim is verified. 
We turn now to determining necessary and sufficient conditions on a regular 
ring R in order that R[[X]] be coherent. It simplifies the exposition to begin with 
a technical lemma which describes when chains in the partial order ::C, have least 
upper bounds. 
LEMMA 2. Let a, 3; a2 < a.* be a chain in R with ai = uiei , where ui is a unit 
and ei is an idempotent. Then a = ue, u, a unit, e an idempotent, is a least upper 
bound for the chain al < a, < *** if and only if e is a least upper bound for 
e, < e2 G ... and uei = uiei = ai for all i. 
Proof. Suppose that a is a least upper bound for a, < a2 << .... Then for 
all i, Rei = Rat = Rq2 C Ra = Re and so eei = ei for all i. Therefore, e is an 
upper bound for e, < ez < .... If f < e and e, < f for all i, then set b = uf. 
Now aia = uieiue = uieiuei = ai = uieiuiei and so uiei = uei . Thus, ba, -= 
ufuiei = ueiu,ei = uieiuiei = ai and ai < b for all i. But then a 2~: b from 
which it follows that e <f. Consequently, e is the least upper bound for 
e, < e2 < ..‘. 
Conversely, we obviously have that a 3 ai for all i. If b > a, for all i, then 
ai(ab - a2) = a,ab - a$ = ai2a - ai2a = 0, that is, (ab - a2) belongs to 
the annihilator, ann((a, , a2 ,... )), of (a, , ua ,... ), We claim that ann((a, , a? ,... )) = 
ann((e, , e2 ,... )) = ann(Re). The first equality is clear and it is also clear that if 
xe == 0, xei = 0 for all i. If xei = 0 for all i, then (1 - x) e, = e, and since e 
is the least upper bound for e, ,( e2 < ..., 1 - x > e. Therefore, e - xe = e 
and so xe = 0. It follows that ah - a2 E ann(Re) n Re == 0. Consequently, 
a < b. 
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THEOREM 2. Let R be a commutative (von Neumann) regular ring. The following 
conditions are equivalent: 
(1) R is K,-self-injective and every countably generated ideal of R has a 
countably generated annihilator. 
(2) Every countable subset of R that forms a chain in the partial order < has 
a least upper bound in R. 
(3) R[[Xl] is coherent. 
(4) R[[X]] is semihereditary. 
(5) R[[X’j] is a B&out ring in which all principal ideals are projective. 
Proof. 
(1) * (2): Let a, .< a, < ... be a chain in R with ai = uiei , ei an 
idempotent, ui a unit. Then e, < e2 < *.. and ajei = ai if i <j. Define a 
homomorphism y: (ei , e2 ,... ) + R by v(ei) = ai . Now 9 is well defined for if 
ei < ej , then v(eJ = v(eiej) = e,aj = ai . By hypothesis, there exists an 
element b E R such that be, = a, for all i. 
We claim that the chain e, < e2 < ... has a least upper bound in R. To verify 
this, we first prove that ann((e, , ea ,...)) = (I - e)R for some idempotent e 
of R. It is then easily checked that e is the least upper bound for e, < ea < ***. 
Since (er , e2 ,.,.) n ann((e, , e, ,... )) = (0), the projection map from (e, , e, ,,..) + 
ann((e, , e, ,... )) onto ann((e, , ea ,... )) and orthogonal to (e, , e2 ,...) is well 
defined. By hypothesis, it is induced by an element 1 - e and it follows readily 
that ann((e, , e2 ,...)) = (I - e)R. 
Now, set a = be. Since eie = ei , ai = eib = eia. Thus, (al , a2 ,...) = 
(e, , e2 ,... ) C Ra and consequently, Re C Ra C Re. If we write a = ue for some 
unit u of R, then uiei = ai = aei = ueei = uei . It follows from Lemma 2 
that a is the least upper bound of a, < a2 < e-v. 
(2) => (5): To prove that R[[JJ is a B&out ring, it suffices, in light of 
Theorem 1, to prove that if {ai}: and {bi}F are countable subsets of R with 
aiaj = bibj = 0 for i # j and a,bj = 0 for all i and j, then there exists an element 
a E R with aa; = ui2 and ub, = 0. For each positive integer n, define a,’ = 
cb, ai . Then a,‘~~’ = ui” for i < j and, hence, a,’ < aa’ < a**. By hypothesis, 
this chain has a least upper bound, say a, and it is clear that this a will suffice. 
Suppose next that f = C,” b,Xi is an element of R[[Xl]. By Lemma 1, 
ann(fR[[Xl] = I[[Xl]) where I = ann,((b, , b, ,...)). We can write (b,, , b, ,...) = 
(e, , el ,..- ) where ei is idempotent and e, < e, < *a*. By hypothesis, es < e, < ..a 
has a least upper bound, e, in R. It is easily verified that (1 - e)R = ann(eR) = 
ann(e, , e, ,...). Therefore, ann(fR[[q]) = (1 - e) R[[q] and fR[[X]] is a 
projective ideal of R[[X]]. 
(3) Q (4): Clearly, (4) implies (3) and if (3) holds, then the weak global 
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dimension of R[[X]J equals 1 by [8]. But it is well known [3] that a ring is semi- 
hereditary if and only if it is coherent of weak global dimension I. 
(4) 9 (5): That (5) implies (4) IS o b vious from the definitions and that (4) 
implies (5) follows from Theorem 1. 
(5) 3 (1): That R is K,-self-injective follows from Theorem 1. If 
hl 7 a, ,...) is a countably generated ideal of R, let f be the power series 
f = a, + a,x + .*-. Since fR[[X]] is a projective ideal, ann(fR[[XJ]) is 
generated by an idempotent of R[[X]]. But all idempotents of R[[X]] lie in R and 
so ann(fR[[X]]) = eR[[X]], e E R. Clearly, Re = ann((a, , a, ,...)). 
A ring with a partial order is called laterally complete if every set of pairwise 
orthogonal elements has a least upper bound. Condition (1) of Theorem 2 is 
equivalent to the condition that every countable set of pairwise orthogonal 
elements has a least upper bound. Thus, condition (1) can be viewed as a 
restricted type of lateral completeness. 
A Boolean ring is (countably) complete if every (countable) subset has a least 
upper bound. For a commutative regular ring R, the Boolean ring B(R) of 
idempotents of R is isomorphic to the lattice of principal ideals of R. Moreover, 
B(R) is (countably) complete if and only if each (countable) subset of R has a 
greatest common divisor. When R is a Boolean ring the second condition of 
Theorem 2 is precisely the requirement that R be countably complete. Therefore, 
we have proved the following corollary. 
COROLLARY 1 (Jensen [7, Theorem 3’1). If B is a Boolean ring, then B[[X]] 
is coherent if and only if B is countably complete. 
The following example shows that even in case B is a Boolean ring the 
conditions of Theorems 1 and 2 are not equivalent. The proof that the weak 
global dimension of B[[X]] equals 1 illustrates the utility of the partial order 
condition (2) of Theorem 1. 
EXAMPLE 2. Let R = (J-J: (2/22))/(& (Z/22)). R is obviously a Boolean 
ring and we claim that the w.g.dim R[[X]] = 1. By Theorem 1, it suffices to 
show that if {a,}: and {bi}y are countable subsets of R such that aiuj = bibj = 0 
for i # j and if u,bj = 0 for all i and j, then there exists an element a E R such 
that uui = a, and ubi = 0 for all i. For each i, let Ai be a representative for ai 
and Bi be a representative for 6, . If C E JJT (Z/22), let supp(C) be the set of all 
positive integers i such C(i) = 1, that is, the support of C. Now, let A be 
that element of J-J,” (Z/22) whose support is the set (supp(A,)\supp(B,)) u 
~PPP%J\(~~PPV%) " ~uPPPJ)) u 0.m. Here, ‘I\” means set-theoretic differ- 
ence. Then for each i, supp(Ai) > supp(A,) n supp(A) > (supp(Q\(supp(B,) U 
**a u supp(B;)) = (supp(A,)\supp(B,)) n ... n (supp(A,)\supp(B,)) and so 
uui = a, , if a is the image of A. On the other hand, supp(Bi) n A = supp(Bi) n 
KsuPP(A,)\suPP(Rr)) ” ... u (supp(&r)\(supp(Br) u ... u supp(Bi-i))]. There- 
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fore, since 6,ai = 0, supp(BJ 17 supp(&) is finite and so supp(&) n supp(A) 
is finite. It follows that bia = 0. 
To show that R[[XJ] is not semihereditary we need only exhibit a countable 
subset of R which has no least upper bound in R. To that end, let {S,}: be a 
collection of pairwise disjoint infinite subsets of the set of positive integers. 
For each i, let Ai be that element of IJy (Z/22) whose support is Si and let ai 
be its image in R. Suppose that a is an upper bound for {ai}: and let A be a 
preimage of a. For each positive integer i, choose an xi E supp(A) A supp(AJ 
and let S = supp(A)\{~~}~. If B is that element of JJf (Z/22) whose support 
is S, and if b is the image of B, then a, ,< b for each i and b < a. Therefore, 
{ai}: has no least upper bound. 
It seems worthwhile to point out that the situation for polynomial rings over 
regular rings is far simpler than the situation for power series rings. Indeed, 
if R is any regular ring, then R[X] is a semihereditary B&out ring. That this 
should occur seems quite clear from the preceding study because polynomials 
involve only a finite set of coefficients and the completeness conditions of 
Theorems 1 and 2 are valid for all regular rings when countable sets are replaced 
with finite sets. 
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